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Abstract We propose and numerically demonstrate an
ultrafast real-time ordinary differential equation (ODE)
computing unit in optical field based on a silicon microring
resonator, operating in the critical coupling region as an
optical temporal differentiator. As basic building blocks of
a signal processing system, a subtractor and a splitter are
included in the proposed structure. This scheme is featured
with high speed, compact size and integration on a silicon-
on-insulator (SOI) wafer. The size of this computing unit is
only 35 μm � 45 μm. In this paper, the performance of the
proposed structure is theoretically studied and analyzed by
numerical simulations.
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1 Introduction

After years of improvement and miniaturization, the
integration of electronic devices for information proces-
sing is rapidly approaching its fundamental speed and
bandwidth limitations. All-optical signal computing tech-
nology is a promising solution to overcome the speed limit
of the electronic devices. In recent years, several
equivalent devices in photonics to those in electronics
have been proposed, such as all-optical temporal differ-
entiator [1–3] and all-optical temporal integrator [4]. With
the help of these basic building blocks, more complicated
optical signal processing devices can be realized.
Several schemes have been proposed for performing

real-time signal processing in optical domain. Some are
based on finite-impulse-response (FIR) optical digital
filters [5], an asymmetric two-arm interferometer for

instance. This method exhibits relatively large physical
lengths of the devices [6]. It was also proposed to use fiber-
grating devices as analog all-optical processors, such as
long-period fiber grating [2] and fiber Bragg grating [7].
These devices can be used to process ultrafast signals, but
the device sizes are on the order of several millimeters.
Also, some schemes of all-optical analog-to-digital con-
verter (ADC) were proposed to help realizing the analog
optical signal processing [8,9], but the limited converting
speed is critical for enhancing the performance, and the
systems are too complicated to be integrated. To the best of
our knowledge, no scheme of on-chip analog all-optical
signal processing device, such as an ordinary differential
equation (ODE) solver, has been proposed with the
features of compact size, high speed and ease of
integration.
Differential equations play a central role in the field of

signal processing [10]. In virtually any field of science and
technology [11], e.g., physics, biology, chemistry, eco-
nomics and engineering, in-depth study in these equations
is always required. All constant coefficient linear differ-
ential equations can be modeled as systems with finite
number of differentiators, subtractors, splitters and feed-
back branches [10]. An optical computing device based on
this system modeling theory can be easily modified to meet
different requirements of different ODEs, and can be
concatenated to solve higher-order differential equations.
An optical ODE solving unit that features high speed and
compact footprint can find its applications in many areas,
such as optical processing of radio frequency (RF) signals
in radio-over-fiber (RoF) systems [7], pulse shaping [12],
and ultra-fast signal processing in optical sensing systems.
In this paper, we propose an ultrafast optical temporal

ODE computing unit based on a silicon microring
resonator with a radius of 10 μm, and investigate the
performance of the proposed structure. Several signals
with typical waveforms are used in simulation to test the
optical ODE solver.
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2 Operating principle

An all-optical temporal ODE computing unit is constructed
on the basis of a specially designed system block diagram.
This unit provides an optical output with one complex
envelop that can be interrelated to the other envelop of
input optical signal with a specific differential equation.
According to the fundamental theory of signals and
systems, a linear time-invariant analog signal processing
(ASP) system could be realized with a proper combination
of basic building blocks, such as differentiators, subtrac-
tors and splitters [10]. The block diagram of the first-order
differential equation of our design (Eq. (1)) is shown in
Fig. 1(a), where a differentiator, a subtractor and a splitter
are included. Also a forward path and a feedback branch,
as typical elements in a classic frame of signal processing
system, are introduced in the diagram. Figure 1(b) shows
the complete structure we designed.
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The subtractor is realized using a 3 dB directional
coupler together with an accurate design of the loop length,
composing of a forward path and a feedback branch.
Figure 2(a) shows the structure of the 3 dB directional
coupler, with a slot width of the coupling region of about
0.1 µm. Equation (2) describes its input-output relation. To
achieve 3 dB coupling feature, the coupling length of the

directional coupler is about 10 µm. Figure 2(b) shows the
distribution of electric field intensity with an input signal at
port 1.
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The design of the whole loop with a 3 dB directional
coupler is shown in Fig. 3(a). If we precisely control the
loop length to meet the condition that there is a phase shift
of ð2nþ 1Þπ along the loop, the relation between E3 and
E4 will be

E3 ¼ e – jð2nþ1ÞπE4 ¼ –E4: (3)

Equivalent block diagram of the loop can be derived
from Eqs. (2) and (3), as shown in Fig. 3(b). There is an
additional block with a factor i existing before the loop,
which will cause a π/2 phase shift. However, this will not
affect the performance of the structure, since it is outside
the loop and can be compensated by the phase shift in the
waveguides of input port and output port. The block has a

Fig. 1 (a) Block diagram of ODE solving unit; (b) complete
structure of optical ODE solver

Fig. 2 (a) 3 dB directional coupler; (b) distribution of electric
field intensity with an input signal at port 1
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factor of 1=
ffiffiffi
2

p
from the 3 dB directional coupler, and acts

as an attenuator in the loop.
3 dB splitter used in our design is a bend-waveguide-

type, as shown in Fig. 4(a). Considering both compactness
and bend loss, the radius of the bends is supposed to be
2 μm. As demonstrated in Ref. [13], this structure features
low energy loss for transverse electric (TE) mode optical
signal. Equation (4) reveals the relation between E3 and E4
after the addition of splitter into the loop. Figures 4(b) and
4(c) show the loop with the splitter added and the
corresponding block diagram, where the phase condition
in Eq. (4) should be maintained. Two cascaded blocks with
factors of 1=

ffiffiffi
2

p
can be combined as a 1/2 attenuator.

E3 ¼
1ffiffiffi
2

p e – jð2nþ1ÞπE4 ¼ –
1ffiffiffi
2

p E4: (4)

To realize the expected function, a silicon microring
resonator is used as a temporal differentiator in the
structure, for its advantages of compact size, good
performance and compatibility with on-chip integration
[1]. The microring resonator is evanescently coupled to a
single straight waveguide as shown in Fig. 5.
The transfer function of the microring resonator can be

expressed as [14]:

TðωÞ ¼
jðω –ω0Þ þ

1

τi
–
1

τe

jðω –ω0Þ þ
1

τi
þ 1

τe

, (5)

where ω0 is the central resonance frequency, τi represents

Fig. 3 (a) Loop and 3 dB directional coupler together to realize
the subtractor; (b) equivalent block diagram

Fig. 4 (a) 3 dB bend-waveguide-type splitter; (b) loop with the
splitter and an output port; (c) equivalent block diagram

Fig. 5 Microring resonator coupled to straight waveguide

Liyang LU et al. Compact all-optical differential-equation solver based on silicon microring resonator 101



the time constant of power decay due to the intrinsic loss
and τe is the time constant of power coupling loss to the
straight waveguide from the ring. Under the condition that
the microring resonator is critically coupled to the straight
waveguide ðτi ¼ τeÞ and the frequency detuning is much
less than the 3 dB bandwidth of the microring resonator,
the expression can be approximated as:

TðωÞ ¼ jτðω –ω0Þ, (6)

where
1

τ
¼ 1

τi
þ 1

τe
. As Eq. (6) reveals, the microring

resonator functions as a first-order differentiator for an
optical signal with the central frequency ω0.
To ensure that the designed structure operate correctly,

two phase conditions should be satisfied at the same optical
frequency: the phase shift along the microring should equal
to 2kπ, where k is an integer, so that the frequency ω0 is the
resonance frequency of the microring resonator; and
simultaneously the phase shift along the loop should be
ð2nþ 1Þπ in order to realize the function of subtractor. To
satisfy these phase conditions, thermal nonlinear effect
[15] of the microring resonator can be utilized to shift the
resonance frequency slightly to meet two phase conditions
simultaneously at the same frequency.

3 Simulations and results

Finite-difference time-domain (FDTD) method is a power-
ful and effective tool for simulating electromagnetic field
properties of an arbitrary structure with a high index
contrast. However, a quite large computer memory and a
long computing time are required in a three-dimensional
(3D) FDTD simulation. To reduce calculational time, two-
dimensional (2D) FDTD method with the equivalent index
approximation is utilized, and it has been proved to be an
effective method to obtain a reasonable estimation [13].
The cross section of the silicon waveguide we used is

400 nm � 220 nm on top of a 3 μm silica buffer layer to
prevent optical mode from leaking to the substrate. This
basic cross-section structure is simulated using RF module
of the COMSOL Multiphysics simulation software to get
the effective index of the straight waveguide, as shown in
Fig. 6. Indices of Si, SiO2 and air are assumed to be 3.478,
1.455 and 1.0, respectively. The waveguide satisfies the
single mode condition at l ¼ 1:55 μm and the mode
existing is the TE mode. The simulated effective index Neff
is 2.1145. The top view of a silicon waveguide in 2D
FDTD simulation is shown in Fig. 7. To obtain the same
effective index of the waveguide in 2D FDTD simulation
as in COMSOL, the equivalent index Neq of Si is assumed
to be 2.7533.
A loop and a microring in the structure make it

impossible to simulate with the default several-
femtoseconds-long pulse source, because the delay in the

microring and the loop is on the order of one picosecond. A
continuous wave (CW) source, instead, is required in the
simulation, which greatly increases the computing time. To
further improve the efficiency of simulation, a simplified
numerical simulation program coded with MATLAB based
on the known linear features of microring resonator,
directional coupler and 3 dB splitter is also used. In the
MATLAB program, we calculate the normalized complex
amplitudes of the electric field at several crucial locations
of the structure with a step equal to the recirculating time of
the microring. By this means, one can obtain the responses
in time domain for any kind of input optical signals,
including the CW signal. The validity of this coded
program is verified by comparing with the simulated
results of FDTD. Figure 8 provides some simulation results
with two different methods.
Figure 8(c) shows that several picoseconds are needed

for the loop to become stable for a step input signal.
The following simulations are based on the 2D FDTD

method with the equivalent index approximation and the
coded numerical simulation program. Figure 9 illustrates
the whole structure of the simulated ODE computing unit.
In the simplified numerical simulation, intrinsic losses of
directional coupler and splitter are not considered as the
value is too small to have obvious influence on the overall
performance.

Fig. 6 Cross section of silicon waveguide based on SOI
structure. Colored surface graph represents average power flow
in waveguide and quivers represent electronic field

Fig. 7 Top view of silicon waveguide in 2D FDTD
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Some simulated results and corresponding theoretical
solutions of the ODE are compared in Fig. 10. The curves
depict the complex amplitude of inputs and outputs. For
convenience of comparison, the maximum values of input
signals in Figs. 10(a)–10(c) and 10(d) are normalized to
100 and 2500, respectively. The testing waveforms include

triangle wave, pulses with the shape of parabolic curve,
saw-tooth wave and its mirror image. The differences
between the simulated outputs and the theoretical solutions
in amplitude and shape are caused by the bandwidth
limitation of the microring resonator. Since the approxi-
mated transfer function (Eq. (6)) requires that the

Fig. 8 Output optical intensity waveforms and optical intensity signals coupled in ring under a step input signal at optical frequency
(a) ω≠ω0; (b) ω � ω0; (c) output optical signal of loop without differentiator under a step input signal
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frequency detuning is much less than the 3 dB bandwidth
of the microring resonator, the bandwidth, and thus the
period of the signal, are limited. If the frequency detuning
ðω –ω0Þ approaches to infinite, TðωÞj j in Eq. (6)
approaches to infinite as well. However, for a microring
resonator, when frequency detuning becomes much larger
than its 3 dB bandwidth, the transfer function only
approaches to unity, because it’s a passive device. As a
result, for the whole structure, the transfer function of the
theoretical model characterized by Fig. 1(a) approaches to
1 when ðω –ω0Þ approaches to infinite, but in the real
system, it can only rise to 1/3. So the high frequency
component of the output is suppressed, and causes the
difference between the simulated outputs and the theore-
tical solutions. Stronger high-frequency components of the
input signals would cause more obvious deviation of
simulated outputs from theoretical ones. In Figs. 10(b) and
10(c), the sudden seesaws at the edges of output pulses are
caused by the transient process of the loop, which is similar
to the phenomenon shown in Fig. 8(c).Fig. 9 Structure of simulated ODE computing unit
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4 Conclusions

We have proposed and numerically demonstrated a
compact optical temporal ODE computing unit, with its
footprint within the size of only 35 μm � 35 μm on an SOI
platform. The device is based on a silicon microring
resonator. The performance of the ODE solver is simulated
with several typical signals. The comparison between
simulated outputs and theoretical solutions shows the
effectiveness of the compact all-optical ODE solver.
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